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Cartesian Equation of a Line in R?

I
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For a line [ inR? the Cartesian equation of the line is given by,
Ar+ By+C =0

where 77 = (A, B) is a normal to the line I. A normal is a vector
perpendicular to the line [.

Let’s consider parallel and perpendicular lines and how their nor-
mals may be related, if at all. Suppose l; and Iy are two lines in R?
with normals 77 and 723 , respectively.

Case 1: Parallel Lines Suppose [; and [y are parallel.
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Since [y || ls and m; =

following,

—

kﬂT% where mi and 7775 are direction vectors
of I; and Iy, respectively. Therefore, 775 = kn_>1 Why? We know the

M- =0 and mp-np5=0

From here we have,

= 7}

= MmMi-NnNy = mo) -1
= k(mj - 1) = my - (kni)
— kn}

So, the normals are multiples of each other.

Case 2: Perpendicular lines Suppose [y L [5. Then 777{ . 7775 = 0.
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We know that 777{ . n_>1 =

have,
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—ﬁ@ = 0, and
—mi -y = 0

—mj) = 0, and

—mi) = 0, respectively.

0, we
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From (3) we can conclude that,

m—@:kn_{, for some k € R
= (1-k)nf = mh
Similarly from equation (4) we have that (1 — &')7j = in{. Therefore,

since TW{ . nTg = 0 we have,
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Therefore, the normals of [; and [y are perpendicular.

Example

Show that line 3x — 4y — 6 = 0 and 62 — 8y + 12 = 0 are parallel and
distinct.

Solution: If we can show the normals of the lines are the same but the
lines are different then we are done. The normal to line [; : 3x—4y—6 =
0is nj = (3,—4) and the normal to line I : 6z — 8y + 12 = 0 is
775 = (6, —8). Since 77% — 277{, the two normals are the same and thus
lines [ and [y are parallel. Let’s consider the lines now. Notice that
line [y can be simplified,

l26:1:—8y—i—12 = 0
3r —4y +6 = 0, dividing both sides by 2.

Now we have,

lo:3x—4y+6 = 0, and
lh:ex—4y—6 = 0
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Since lines [; and [y have a differenct C value, the lines [; and [, are
distinct.

Example

For what value(s) of k are lines [; : 3t—4y—6 = 0 and s : kx+4y—5 =0
perpendicular?

Solution: The normal for Iy is 7 = (3, —4) and for Iy is n = (k,4). If
we can find a value(s) for k such that 7] and 13 are prependicular then
[y and [y are perpendicular. We can use the dot product to determine
k since we know n_>1 . 77% =0

ni-ns = 0

(37 _4) ) (k74) =0
3k—16 = 0

3k = 16

16

k= =

3

Example
What is the Cartesian equation of the line passing through (6,-2) and

has normal 7 = (-1, 3).

Solution: The Carteisin form of the equation of a line is Az+ By+C' =
0 where (A, B) are the coordinates of the normal to the line. The
normal in our case is W = (—1,3) therefore, A=-1 and B=3. To find
C, let’s plug the point (6, -2) into what we have so far,

—r+3y+C=0.
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—x+3y+C =0
—6+3(-2)+C = 0
—-6—-6+C =0
—12+C =0

C = 12

Therefore, the Cartesian equation of the line is given by,

—2+3y+12=0

Example

Given the vector equation of the line 77 = (3, —6) 4+ s(—1, —4), s € R,
find
(a) The Cartesian equation

(b) parametric equation
(c) slope-intercept form of the line.
Solution:

(a) We ned to find a normal to the line. The direction vector is
m = (=1, —4), the normal 7 = (A, B) is such that,

m-n =0
(=1,-4)-(A,B) = 0
—A—4B = 0

A = —4B

Therefore, W = (—4B, B) = B(—4,1) where B € R and we have

—dz+y+C =0 (5)
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We now need to find C. We know that (3, -6) is a point on the
line so let’s use this to find C by plugging it into equation (5).

—4dr+y+C = 0
—4(3)+(-6)+C = 0
—-12-64+C =0
—184+C =0

C = 18

Therefore, our Cartesian equation of the line is —4z +y + 18 = 0.

(b) The parametric equation is given by,

TS
y = —6—4s, seR

(c) The slope can be determined from the direction vector m o=
(—1,—4). Slope is calculated as follows,

rise
m = B —

To find the y-intercept let’s plug in a point we know lies on the
line into our slope-intercept form and solve for b. We know (3,-6)
is a point on the line so let’s use this point.

y = mx—+0b
y = 4x + b, since the slope is 4
—6 = 4(3) + b, from plugging in (3, -6) into the above
—6 = 1240
—18 = b
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Therefore, our slope-intercept form of the line is

y = 4z — 18.
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Exercises

1. Given the line y = —%x + 9 find the following,
(a) the direction vector a line parallel to the given line
(b) the direction vector for a line that is perpendicular to the given
line
(c) the coordinates of a point on the given line

(d) the vector and parametric form of the equation of a line par-
allel to the given line passing through A(7,9)

(e) the vector and parametric form of the equation of a line per-
pendicular to the given line pasising through B(-2, 1).

2. For each of the given lines, determine the vector and parametric

equations.
(a) y =gz —6
(b) z =4

3. Show that the following lines are coincident, x — 3y +4 = 0 and
6r — 18y + 24 = 0.
4. Two lines have equations 2z — 3y + 6 = 0 and 4oz = 6y = k = 0.
(a) Explain using normal vectors why these lines are parallel.
(b) For what values of k& will these lines be coincident.

5. Determin the Cartesian equation for the line with a normal vector
of (4,5) passing through the point A(-1,5).

6. A line passes through the points A(-3,5) and B(-2,4). Determine
the Cartesian equation of this line.

7. A line is perpendicular to the line 22 — 4y +7 = 0 and that passes
through the point P(7, 2). Determine the equation of this line in
Cartesian form.
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8. The angle between any pair of lines in Cartesian form is also the
angle between their nromal vectors. For the lines x+ — 3y +6 = 0
and r + 2y — 7 = 0 determine the acute and obtuse angles between
these two lines.

9. For each pair of lines, determine the size of the acute angle to the
nearest degree that is created by the intersection of the line.

(a) (z,y) = (3,6) +t(2,—5) and (z,y) = (—3,4) — t(—4,—1)
(b) y =0.52 +6 and y = —0.75z — 1
(¢) x —2t,y =1— "5t and (z,y) = (4.0) + t(—4,1).

31.12.8.1.0 (©Raise My Marks 2021 10 / 10



